The Collins-Williams Regge calculus models of FLRW space-times and Brewin's subdivided models are applied to closed vacuum Λ-FLRW universes. In each case, we embed the Regge Cauchy surfaces into 3-spheres in E 4 and consider possible measures of Cauchy surface radius that can be derived from the embedding. Regge equations are obtained from both global variation, where entire sets of identical edges get varied simultaneously, and local variation, where each edge gets varied individually. We explore the relationship between the two sets of solutions, the conditions under which the Regge Hamiltonian constraint would be a first integral of the evolution equation, the initial value equation for each model at its moment of time symmetry, and the performance of the various models. It is revealed that local variation does not generally lead to a viable Regge model. It is also demonstrated that the various models do satisfy their respective initial value equations. Finally, it is shown that the models reproduce the behaviour of the continuum model rather well initially, with performance improving as we increase the number of tetrahedra used to construct the Regge Cauchy surface. Eventually though, all models gradually fail to keep up with the continuum FLRW model's expansion, with the models with lower numbers of tetrahedra falling away more quickly. We believe this failure to keep up is due to the finite resolution of the Regge Cauchy surfaces trying to approximate an ever expanding continuum Cauchy surface; each Regge surface has a fixed number of tetrahedra and as the surface being approximated gets larger, the resolution would degrade. Finally, we note that all Regge models end abruptly at a point when the time-like struts of the skeleton become null, though this end-point appears to get delayed as the number of tetrahedra is increased.
I. INTRODUCTION
The Friedmann-Lemaître-Robertson-Walker (FLRW) metric has played a central rôle in modern cosmology, successfully accounting for a wide range of observations including the expansion of the universe and the highprecision measurements of the cosmic microwave background. It is founded upon the Copernican principle which posits that constant time Cauchy surfaces are perfectly homogeneous and isotropic; this leads to a family of metrics of the form
where a(t) is a time-dependent function known as the scale factor, t is the time parameter, and k is a curvature constant. The sign of k determines whether the constantt Cauchy surfaces are open, flat, or closed, with k < 0 being open, k = 0 being flat, and k > 0 being closed. By inserting this metric into the Einstein field equations, one obtains a pair of differential equations for a(t) known * R. Liu@damtp 
where ρ and p are the energy density and pressure of any fluid filling the space, and Λ is the cosmological constant. Regge calculus [1] provides a scheme for approximating any curved space-time using a piece-wise linear manifold constructed out of flat 4-blocks: the blocks are 'glued' together such that neighbouring blocks share an entire 3-face, and as the blocks are flat, the metric inside is the Minkowski metric. Regge space-times are generally referred to as skeletons. Curvature in a skeleton manifests itself as conical singularities concentrated on the sub-faces of co-dimension 2, which are known as hinges. If a hinge were flat, then the dihedral angles between all 3-faces meeting at the hinge would sum to 2π; any deviation from 2π provides a measure of the curvature and is known as the deficit angle. The edges lengths serve as the Regge analogue of the metric and are determined by the Regge field equations, a set of equations analogous to the Einstein field equations of standard general relativity; and just as the Einstein field equations can be obtained by varying the Einstein-Hilbert action with respect to the metric, so are the Regge field equations obtained by varying a Regge action with respect to the edges.
The purpose of this paper is to explore Regge calculus models of the closed vacuum FLRW universe with nonzero cosmological constant, that is, where k > 0, ρ = p = 0, and Λ = 0. Solving the Friedmann equations for such a universe yields a(t) = 1 2
where the integration constant has been chosen so thaṫ a(t) = 0 when t = 0, and where we have chosen a scaling of a(t) such that it corresponds to the radius of curvature of constant-t Cauchy surfaces; for such a scaling, the curvature constant k would in turn be re-scaled to k = 1. We note that constant-t Cauchy surfaces of any closed FLRW universe can always be embedded as 3-spheres in 4-dimensional Euclidean space E 4 . This embedding would use the scaling where k = 1 and a(t) equals the 3-sphere radius. The embedding is then given by r = sin χ, x 1 = a(t) cos χ, x 2 = a(t) sin χ cos θ, x 3 = a(t) sin χ sin θ cos φ,
for 0 ≤ χ, θ ≤ π and 0 ≤ φ < 2π. The 3-sphere would have a volume of
and an expansion rate oḟ U FLRW (t) = 6π 2 a(t) 2ȧ (t).
The FLRW metric can then be written as
(8) We shall specifically explore models based on the Regge calculus formalism developed by Collins and Williams (CW) [2] for closed FLRW universes and subsequently expanded by Brewin [3] . Collins and Williams' approximation is constructed in a way that strongly mirrors the formulation of the continuum model in standard general relativity. The CW skeletons are foliated with a oneparameter family of space-like Cauchy surfaces. Each surface is essentially a triangulation of an FLRW 3-sphere using equilateral tetrahedra such that all vertices, edges, and triangles are identical to each other; in this way, the surfaces would mimic as closely as possible the Copernican symmetries. According to Coxeter [4] , such a triangulation of the 3-sphere is only possible with 5, 16, and 600 tetrahedra; Table I summarises the number of vertices, edges, triangles, and tetrahedra for each case. As with FLRW Cauchy surfaces, all CW Cauchy surfaces are required to be identical to each other apart TABLE I. The number of simplices in each of the three triangulations of the 3-sphere with equilateral tetrahedra as well as the number of triangles meeting at any edge. We introduce N3, N2, N1, and N0 to denote the numbers of parent tetrahedra, triangles, edges, and vertices in the Cauchy surface. from an overall scaling, represented by the length l(t i ) of the tetrahedral edge, t i being a discrete time parameter labelling the foliation; thus l(t i ) would be a Regge analogue of the FLRW scale factor a(t). To complete the skeleton's construction, the CW Cauchy surfaces are glued together by a series of time-like edges connecting vertices in one surface to their time-evolved images in the next; these edges are known as struts. Between any pair of consecutive Cauchy surfaces, all struts are required to be identical to each other to ensure the vertices in the two surfaces remain homogeneous. By then taking the limit where the separation between surfaces goes to zero, one can generate a continuum time Regge model of the FLRW universe. Collins and Williams first applied their construction to model closed dust-filled FLRW universes, and the continuum time function l(t) for the edgelengths behaved very similarly to the equivalent FLRW scale-factor a(t), with higher tetrahedra models yielding better accuracy. The CW formulation was further explored and extended by Brewin [3] . In particular, Brewin devised an algorithm to triangulate each tetrahedron into smaller tetrahedra thereby generating secondary models. The virtue of this algorithm is that it can in principle be repeated indefinitely, thereby yielding even finer approximations to the underlying FLRW surfaces. However, it comes at the expense of some of the symmetries inherent in the original CW surfaces: the new tetrahedra would no longer be identical nor necessarily equilateral. For instance, after the first generation of subdivision, each Cauchy surface would instead have three sets of vertices, three sets of edge-lengths, three sets of triangles, and three sets of tetrahedra. All members of any set would be identical to each other, and in this sense, there was still some Copernican symmetry. We shall refer to CW's original models as the parent models and any subdivided ones as children models. The children models were also applied to closed dust-filled FLRW universes and were found to better approximate the continuum universe compared to their parent counterparts, again with accuracy commensurate with the number of tetrahedra.
Both parent and children Cauchy surfaces can also be embedded in 3-spheres in E 4 , effectively embedding them in FLRW Cauchy surfaces like those described by (5) . Such an embedding was first mentioned by Collins and Williams and more extensively developed by Brewin. As Brewin mentioned, the 3-sphere radius R(t) would offer a more accurate analogue to the FLRW scale factor a(t) than the tetrahedral edge-lengths. However, as we shall show in this paper, there are many ways to make this embedding with each giving a different 3-sphere radius.
Brewin has also pointed out certain analogies between the ADM formalism and the CW formalism. He has likened the tetrahedral edge-lengths to the 3-metric of an ADM foliation and the Regge equations obtained from varying the tetrahedral edges to the evolution equations. He has also likened the struts and diagonals to the ADM lapse and shift functions, respectively, and the Regge equations obtained from their variation to the Hamiltonian and momentum constraints, respectively. Thus in this paper, we shall refer to the Regge equations obtained from the tetrahedral edges as the evolution equations, from the struts as the Hamiltonian constraints, and from the diagonals as the momentum constraints.
This paper is organised as follows. The second section provides a brief review of Regge calculus in general and the CW formalism specifically. The third section applies the parent CW formalism to the Λ-FLRW universes. We begin with an exposition of the 4-block's geometry. We follow this by presenting possible embeddings of parent CW Cauchy surfaces into 3-spheres and discussing possible measures for the Cauchy surfaces' radii. We then vary the Regge action in two different manners to arrive at the Regge field equations. In the first approach, we vary entire sets of edges at once: we vary either all tetrahedral edges in a Cauchy surface or all struts between a pair of consecutive surfaces simultaneously; under this variation, all edges being varied are constrained to have the same length. This was the approach followed by Collins and Williams, and we shall call it global variation. We find that the CW Hamiltonian constraint is actually a first integral of the evolution equation; thus, the Hamiltonian constraint is sufficient to determine the evolution of the Regge model. Our second approach is to vary each edge individually; this is the more standard way of varying the action in Regge calculus, and we shall call this local variation. In this case, we find that the Hamiltonian constraints are again first integrals of the evolution equations provided we also satisfy the momentum constraints; however these momentum constraints impose rather unphysical constraints, and we therefore dismiss the local model as unviable. The global and local Regge equations can also be related through a chain rule; when we do this, we again arrive at the same conclusion about the local model's unviability. We next consider the initial value equation in the context of Regge calculus and demonstrate that the global models do satisfy this equation at its moment of time symmetry. We conclude our investigation of the parent models with a brief speculation on the reasons for the local models' breakdown before finally examining the evolution of the global models.
In the final section, we turn our attention to the secondary models obtained by subdividing the tetrahedra of the parent models. We begin by presenting Brewin's scheme for subdividing the CW models. This is followed by the embedding of children Cauchy surfaces into 3-spheres. We next present the geometric quantities needed to compute the varied Regge action. After briefly discussing the local variation of the action, we determine the global Regge equations obtained by varying with respect to both the struts and the tetrahedral edge-lengths, and we briefly discuss the conditions under which the Hamiltonian constraint would be a first integral of the evolution equation. We then consider the initial value equation for the children models and demonstrate that the models do satisfy this equation. Finally, we examine the evolution of the children models, comparing their performance against those of the parent models, and we speculate briefly on how the children models might be extended.
In this paper, we shall use geometric units where G = c = 1.
II. REGGE CALCULUS AND THE CW SKELETONS
In general relativity, the Einstein field equations can be derived by varying the Einstein-Hilbert action
with respect to the metric tensor g µν , where Λ is the cosmological constant, R is the Ricci scalar, and g = det(g µν ).
When applied to a piece-wise linear manifold, as found in Regge calculus, this reduces to the Regge action [1]
where A i is the area of a hinge in the Regge skeleton, δ i its corresponding deficit angle, and V (4) i the volume of a 4-block. The first summation is over all hinges in the skeleton while the second is over all 4-blocks. The deficit angle δ i at hinge i is given by
where θ (i) j is the dihedral angle between the two faces of block j meeting at the hinge and the summation is over all blocks meeting at the hinge.
Since the edge-lengths of the skeleton are the Regge analogue of the metric, the Regge action is varied with respect to an edge-length ℓ j to get the Regge field equation 0 = 1 8π
where the variation of the deficit angles has cancelled out owing to the well-known Schläfli identity,
this identity holds for any individual block k, with the summation being over all hinges in the block and θ
being the block's dihedral angle at hinge A i .
1
Regge calculus customarily uses simplicial manifolds where the skeleton's fundamental building block is the 4-simplex. The geometry of a single n-simplex can always be completely determined by specifying the lengths of its C(n, 2) edges; therefore, the geometry of an entire simplicial skeleton can be completely determined by specifying the lengths of all its edges. However, the fundamental building blocks of CW skeletons are instead 4-blocks corresponding to the truncated world-tubes of the tetrahedra as they evolve from one Cauchy surface to the next, as illustrated in Fig. 1 . Without extra constraints
1. An equilateral tetrahedron of edge-length li at time ti evolves to a tetrahedron of edge-length li+1 at time ti+1, tracing out a 4-dimensional world-tube. The struts are all of equal length.
on the 4-block's internal geometry, the skeleton's geometry would not be completely determined. As an analogous 2-dimensional example, consider the geometry of 1 In the standard formulation of Regge calculus, one actually uses a simplicial manifold where every block is a 4-simplex, and the Schläfli identity is usually formulated in terms of simplices rather than arbitrary blocks. However, any block can always be triangulated into simplices, and one can then apply the simplicial form of the Schläfli identity to the triangulated block to obtain the form of the identity we have above, using the chain rule if necessary to satisfy any constraints on the block's geometry.
a quadrilateral where only its four external edge-lengths are known: there is a wide range of possible quadrilaterals that would have these four edge-lengths, ranging from trapezia to irregular quadrilaterals; without extra constraints, it would be impossible to determine a unique quadrilateral. The CW 4-block's geometry is therefore constrained by requiring the tetrahedron to simply expand or contract uniformly about its centre as it evolves from one end of the 4-block to the other. Brewin has indicated that such a geometry is equivalent to imposing the following two requirements on the 4-block: (i) that all struts have the same length; and (ii) that there be no twist or shear along the 4-block. He has likened these requirements to a choice of lapse and shift function in the ADM formalism. Indeed, the standard form of the FLRW metric (1) also implies a certain foliation of FLRW space-time, and Collins and Williams' choice seems closest to the lapse and shift implicit in this foliation.
The 4-block geometry can be described by introducing a Cartesian co-ordinate system into the 4-block. We shall denote by Σ i the Cauchy surface at time t i . Let the tetrahedron in Σ i have length l i := l(t i ), and label its vertices by A, B, C, and D. The origin is then set to be at the tetrahedron's centre; the x-axis is taken to lie parallel to AB, the y-axis to pass through vertex C, and the z-axis to pass through vertex D. The vertices' coordinates are therefore
To help simplify future calculations with this geometry, we have chosen to use a Euclidean metric; we have therefore introduced the imaginary factor i in our time coordinate so that inner products would effectively yield a signature of (+, +, +, −). This tetrahedron will evolve to another of edge-length
. Their co-ordinates are given by an analogous expression to (13), where each vertex is replaced by its primed counterpart and each subscript i by i+1. This ensures the struts all have the same length. Additionally, in this co-ordinate system, the tetrahedron would simply expand or contract uniformly about its centre in the spatial dimensions, as required. Figure 1 illustrates this particular 4-block. For simplicity, we shall sometimes refer to the tetrahedron in Σ i+1 as the upper tetrahedron and the one in Σ i as the lower tetrahedron, as that is how they appear in the figure.
The CW constraints on the 4-block geometry are imposed in different manners depending on whether we are globally or locally varying the skeleton. Under local variation, we must first completely triangulate the skeleton, thereby generating a completely simplicial manifold. All edges in this fully triangulated skeleton are then considered independent of all others, including the newly introduced edges; when one edge is locally varied, all others are held constant. After the Regge equations are obtained, the constraints on the geometry are then imposed; this is done by setting the various edges to have the appropriate lengths consistent with the CW 4-block geometry: that is, all tetrahedral edge-lengths in a Cauchy surface would be set equal; all strut-lengths between a pair of consecutive surfaces would be set equal; and all diagonal-lengths between a pair of consecutive surfaces would be set equal.
The specific 4-block represented by Fig. 1 and coordinate system (13) is triangulated by introducing diagonals AD ′ , BD ′ , CD ′ , AC ′ , BC ′ , and AB ′ ; this corresponds to one diagonal above each of the tetrahedral edges, as illustrated in Fig. 2 , and these diagonals divide the 4-block into four distinct 4-simplices,
One can generate a consistent triangulation of the entire skeleton by triangulating each of its 4-blocks in this manner. The
The world-sheets generated by the six tetrahedral edges and their triangulation into triangular time-like hinges.
CW geometry is then imposed on a 4-block by requiring its lower tetrahedral edges to have length l i , its upper tetrahedral edges to have length l i+1 , its struts to have length m i given by
where we have introduced the notatioṅ
and its diagonals to have length d i given by
These lengths are all derived from the co-ordinates (13) and its Σ i+1 counterpart. Under global variation, the 4-block geometry is instead constrained to have the CW geometry before the skeleton gets varied, and this is done without introducing any new edges. Global variation preserves the CW geometry because when a tetrahedral edge-length gets varied, all tetrahedral edges in the same Cauchy surface gets varied; in each 4-block, the varied tetrahedron simply gets re-scaled uniformly about its centre. Similarly, when a strut-length gets varied, all struts between the same pair of surfaces gets varied. In either case, each 4-block simply becomes a different CW 4-block. We note that under global variation, each Cauchy surface would consist of only two independent edges, the tetrahedral edge and the strut.
As we mentioned in the Introduction, local variation is the standard way of doing Regge calculus; it is more similar to how standard general relativity is done. In general relativity, global variation would be analogous to requiring the metric in the Einstein-Hilbert action to be of FLRW form (1) , and then varying the action with respect to a(t); this imposes the Copernican symmetries prior to varying the Einstein-Hilbert action. The standard approach would be to vary the Einstein-Hilbert action first, yielding the Einstein field equations, and then setting the metric to be of FLRW form.
Brewin [3] has explored to greater depth the relationship between solutions of the global Regge equations and solutions of the local Regge equations. He has shown that, in general, global and local equations would not necessarily lead to the same set of solutions; rather the local solutions would, under certain circumstances, form a subset of the global solutions. We shall demonstrate this relationship explicitly for the parent model later on.
III. PARENT MODELS OF CLOSED VACUUM Λ-FLRW UNIVERSES
A. Embedding Cauchy surfaces into a 3-sphere As Collins and Williams first noted and Brewin fully explored, a CW Cauchy surface Σ i can be embedded into E 4 such that all vertices lie on a 3-sphere of radius R i . It is most natural to parametrise this 3-sphere using a set of polar co-ordinates (χ, θ, φ).
) is a set of Cartesian co-ordinates in E 4 , then points on the 3-sphere are can be parametrised by
with χ, θ ∈ [0, π] and φ ∈ [0, 2π). This embedding provides a natural framework within which to study and elucidate the underlying geometry of the CW Cauchy surface. Most importantly, it makes clearer the relationship between the CW Cauchy surfaces and the FLRW 3-spheres they approximate.
A schematic diagram of an equilateral tetrahedron of edge-length li embedded into a 3-sphere of radius Ri. One dimension has been projected out.
We begin by embedding a subset of the vertices into the 3-sphere; a schematic diagram of our embedding is given in Fig. 3 . By symmetry of the 3-sphere, we can always choose polar co-ordinates such that one vertex is located at (χ, θ, φ) = (0, 0, 0). Then, we also have freedom to choose θ and φ co-ordinates such that one of the neighbouring vertices is at (χ, θ, φ) = (χ 0 , 0, 0) for some χ 0 . If n is the number of triangles meeting at an edge, then there will be n vertices surrounding the edge formed by the first two vertices. To see this, we can consider the first two vertices as forming a common base for the n triangles and each of the n vertices as forming the apex of each of the n triangles. The values for n corresponding to the different models are listed in the final column of Table I . We again have freedom to choose the φ coordinate such that one of these n vertices is located at (χ, θ, φ) = (χ 1 , θ 0 , 0) for some χ 1 and θ 0 . Once this choice is made, the remaining n − 1 vertices would be located at
The co-ordinates of these vertices have been summarised in Table II . By requiring all distances to be l i between any 2(n−1)π n pair of neighbouring vertices, we obtain the equations
where L ij denotes the distance between vertex i and j. We then solve these to obtain
cos χ 0 = cos
cos θ 0 = cos
From this embedding, we see that as the edge-lengths l(t i ) expand and contract, the 3-sphere simply expands and contracts about its centre, and the vertices simply move radially inwards or outwards accordingly. The angular positions of these vertices remain constant.
Two interesting features of the Cauchy surface geometry come to light from this embedding. First, we can now see that l i and R i are related by the constant ratio Z 0 . Most notably, this ratio is independent of the label i and hence of time t i . Thus, we can define a radius R(t i ) = l(t i )/Z 0 for our CW Cauchy surfaces, and this serves as a natural analogue to the FLRW scale factor a(t). Secondly, we see that as the edge-lengths l(t i ) expand and contract, the 3-sphere simply expands and contracts about its centre, and the vertices simply move radially inwards or outwards accordingly; their angular positions remain constant.
Our embedding above has yielded one possible definition of radius for the CW Cauchy surface, namely the vertices' embedding radius. This was the definition Brewin chose as his Regge analogue to the FLRW scale factor of a(t). However, there are other equally plausible definitions of radius for the Cauchy surface: we could just as well have chosen the radius of any other point in the tetrahedra, as there will always be a set of points in the Cauchy surface sharing that same radius. Some possibilities are the radius R 1 to the centres of edges
the radius R 2 to the centres of triangles
or the radius R 3 to the centres of tetrahedra
The main point to notice is that regardless of which radius we choose, the ratio between that radius and l(t i ) is always a constant independent of t i . Since no particular choice of radius seems preferred, one natural choice would be to average over all radii across the entire Cauchy surface. We have numerically computed this average radiusR in terms of R(t i ) to bē
(28) The derivation of these numbers has been explained in Appendix A.
We can also consider the effective radiusR(t i ) obtained by treating the volume of the Cauchy surface as if it were the volume of a 3-sphere. The volume of a 3-sphere of radiusR(t) is
while the volume of an N 3 -tetrahedra CW universe is
If we equate the two expressions, we find that the effective radius isR
For comparison with the average radii in (28), the numerical values forR(t) in terms of the vertex radius R(t i ) areR
and the fractional difference between these numerical factors and those in (28) arē Finally, we shall consider one more possible definition of the radius when we have obtained the equations for l(t) andl(t) in the continuum time limit. Like all other radii, this radiusR(t) is related to l(t) by a constantẐ,
and we defineẐ by requiringR = a(t) when both dR/dt = 0 andȧ = 0.
B. Global variation of the parent models
Under the global constraints, the CW skeleton simplifies significantly. Most importantly, there are now only two distinct sets of hinges associated with any Cauchy surface. The first corresponds to the world-sheets of the tetrahedral edges between surfaces Σ i and Σ i+1 . These hinges are time-like and trapezoidal; an example would be hinge ABA ′ B ′ in Fig. 1 . The second corresponds to the equilateral triangular faces of the tetrahedra. These hinges are space-like and have edges of length l i ; an example would be the hinge ABC in Fig. 1 .
Thus for a skeleton satisfying the global constraints, the Regge action can be written as
i .
(35) We shall now derive the Regge equations by global variation. As mentioned previously, there are only two distinct types of edges characterising a global skeleton, the struts and the tetrahedral edges. If we vary the action with respect to a strut, we obtain the Hamiltonian constraint
where N 1 and N 3 are the numbers of edges and tetrahedra in a Cauchy surface and equal the numbers of trapezoidal hinges and 4-blocks, respectively, between any two consecutive Cauchy surfaces Σ i and Σ i+1 . If we vary with respect to a tetrahedral edge, we obtain the evolution equation
where N 2 is the number of triangles in a Cauchy surface; all three numbers N 1 , N 2 , and N 3 are given in Table I . From these equations, we see that there are only three types of geometric quantities relevant to the global Regge equations: the varied hinge areas, the corresponding deficit angles, and the varied 4-volumes. We shall now derive each in turn. The area of any trapezoidal hinge between Σ i and Σ i+1 is
while the area of any triangular hinge in Σ i is
If the two hinge areas are varied with respect to m j , only the variation of A trap i will be non-zero, yielding
(40) If the space-like triangular hinges are varied with respect to l i , we obtain
If the trapezoidal hinges are varied, there will actually be two sets of hinges that get affected because each edge l i is attached to two trapezoidal hinges, one between surfaces Σ i and Σ i+1 and the other between Σ i and Σ i−1 . Varying a 'future' hinge with respect to l i yields
and varying the corresponding 'past' hinge yields
In general, the deficit angle for any hinge would be given by (11). But because all simplices are identical, the deficit angle on a trapezoidal hinge can be simplified to
where n is the number of faces meeting at the hinge and θ i is the dihedral angle between any two adjacent faces. Since each trapezoidal hinge corresponds to the worldsheet of a tetrahedral edge and each face on this hinge to the world-tube of a triangle at this edge, n is equal to the number of triangles meeting at an edge; this number is listed in the last column of Table I .
will be separated by a dihedral angle of θ i ; hence, θ i can be determined from the scalar product of the two faces' unit normals. Letn 1 denote the unit normal pointing into ABCA ′ B ′ C ′ andn 2 the unit normal out of ABDA ′ B ′ D ′ ; then in co-ordinate system (13), they have componentŝ
and therefore θ i is given by
Four faces will meet at a triangular hinge in Σ i . For hinge ABC in Fig. 1 , three of these faces are ABCD, ABCA ↿ B ↿ C ↿ , and ABCA ⇂ B ⇂ C ⇂ , where we use superscripts ↿ and ⇂ to denote the counterparts to vertices A, B, C in Σ i+1 and Σ i−1 , respectively. The fourth face corresponds to the neighbouring tetrahedron, which we denote by ABCE. By symmetry, ABCD and ABCE will form the same dihedral angle with ABCA ↿ B ↿ C ↿ and with ABCA ⇂ B ⇂ C ⇂ ; hence, there will only be two distinct dihedral angles surrounding this hinge. We take φ ↿ i to be the angle ABCD and ABCE form with ABCA ↿ B ↿ C ↿ , and φ ⇂ i to be the angle they form with ABCA ⇂ B ⇂ C ⇂ . Thus the deficit angle of ABC is
We just used vectors orthogonal to faces to calculate the previous dihedral angle, but with this approach, there may be uncertainties over the vectors' correct relative sign. So we shall take a slightly different approach here; we shall instead use unit vectors tangent to the two faces but orthogonal to the hinge. Since the hinge has codimension 2, there will always be a unique tangent vector satisfying these constraints for each face. Our approach is depicted schematically in Fig. 4 .
We shall deduce φ ↿ i first. In the 4-block co-ordinates of (13), the unit vector tangent to ABCD but orthogonal to ABC is simplyû µ ABCD = (0, 0, 1, 0),
Two faces, separated by a dihedral angle of θ (j) , meet at a hinge. The system has been projected onto the plane orthogonal to the hinge. The deficit angle can be computed by taking the scalar product of the two vectors orthogonal to the faces, n1 and n2, or by taking the product of the two vectors tangent to the faces but orthogonal to the hinge, u1 and u2. However, if we use the orthogonal vectors, we must be careful about their relative sign, otherwise we may end up taking the product with the incorrect vector, as exemplified by −n2. Instead, we have no such uncertainty if we work with the tangent vectors.
while the equivalent vector tangent to
By swapping l i+1 for l i−1 , which appears implicitly iṅ l i , we immediately obtain the corresponding expression for φ
The final geometric quantities required for the Regge equations are the 4-block volumes. The volume V
(51) Varying this with respect to m j yields
When entire 4-blocks are varied with respect to the tetrahedral edge-lengths, the situation is similar to the trapezoidal hinges: each edge l j is associated with a 'past' 4-block between Σ j and Σ j−1 and a 'future' 4-block between Σ j and Σ j+1 . Varying a 'future' 4-block yields
and varying a 'past' 4-block yields
We can now substitute these geometric quantities into the Regge equations above. For the moment, we shall only do this for the Hamiltonian constraint (36), which yields
(55) The other equation simplifies greatly in the continuum time limit, so we shall only present its continuum time form later on.
We now take the continuum time limit, where δt i → 0, to obtain a differential equation for l(t). In this limit, the tetrahedral edge-lengths and dihedral angles take the form
where in the context of continuum time, the overdot denotes a time-derivative. The various geometric quantities now become
Since θ ↿ = θ ⇂ , we shall henceforth denote this quantity simply by θ. We can invert the continuum time expression for θ above to parameterisel 2 in terms of θ, thus
After substituting these results into the Regge equations (55) and (37), we obtain, to leading order in dt,
Once again, the first equation is the Hamiltonian constraint while the second is the evolution equation. From the Hamiltonian constraint, we see that one need only specify l(t = 0) = l 0 as initial data on some initial Cauchy surface, and thenl(t = 0) will follow from the constraint. It can be shown that the Hamiltonian constraint is actually a first integral of the evolution equation; a proof has been provided in Appendix B. This implies that the Hamiltonian constraint is sufficient to determine the evolution of l(t), so we shall henceforth work with (57) only.
Using (47), we can express l(t) andl(t) parametrically in terms of θ to obtain
For the strut-length to be time-like, that is, for m(t) 2 < 0, we require θ > π/3, and forl to be real, we require θ ≤ 2 arctan(1/ √ 2). Hence, θ must lie in the range
Now that we have l(t) andl(t), we can determineR(t). Recall that we chose the integration constants in a(t) so thatȧ = 0 when t = 0. At t = 0, we have that a 2 = 3/Λ. On the other hand, dR/dt will be zero whenl = 0, which happens when θ 0 = 2 arctan(1/ √ 2). Inserting θ 0 into (59), we have that
Therefore, we find that
(61)
C. Local variation of the parent models
For comparison, we shall now derive Regge equations by locally varying the action. As mentioned earlier, this requires fully triangulating our skeleton; each trapezoidal hinge will now be divided by a diagonal into two triangular time-like hinges. We shall label the lower triangular hinge by A and the upper by B, as depicted in Fig. 5 . After triangulation, the skeleton's hinges now comprise the time-like triangular hinges, the space-like triangular faces of the tetrahedra, and triangular hinges formed by two diagonal edges for its sides and one tetrahedral edge for its base. This last set of hinges, an example being ABC ′ , are new in that they have no counterpart in the global skeleton, unlike the first two sets. When the lengths of the diagonals are set to be equal, these hinges reduce to a set of isosceles triangles. It can be shown though that the corresponding deficit angles for these hinges are zero, so by virtue of the Schläfli identity, they will not contribute to the Regge equations. Thus we can drop them from the action.
Therefore the Regge action for the triangulated skeleton can be written as
(62) Here, we continue using V (4) i as a short-hand to denote the sum of the entire 4-block volume even though the 4-block is actually triangulated.
We shall focus on obtaining the Hamiltonian constraint first, that is, on varying with respect to the strut-lengths. Locally varying with respect to an arbitrary strut-length m j , we obtain an equation of the form
where
and where V ol X denotes the volume of 4-simplex X situated between Σ i and Σ i+1 . N A and N B are the numbers of lower and upper time-like triangular hinges meeting at m j , while
and N ABCDD ′ are the numbers of 4-simplices corresponding, respectively, to 
Differentiating with respect to their respective strutlengths, we obtain
If we now substitute in the strut and diagonal lengths given by (14) and (15), and then take the continuum time limit, these derivatives simplify to
where again, in the context of continuum time, the overdot denotes a time-derivative. After edge-lengths of the same type have been set equal, the deficit angles δ . Setting the edge-lengths equal makes the two triangular hinges be co-planar both with each other and with the original trapezoidal hinge; thus the 4-blocks meeting at the triangular hinges would be flat; the unit normals of the triangulated faces would be identical to the unit normals of the original faces; and the dihedral angles between the triangulated faces would be identical to the dihedral angles between the original faces. Since the number of faces meeting at the triangulated hinge is the same as the number of faces at the original hinge, the deficit angles for the triangulated hinge and the original hinge are identical. Additionally, since the dihedral angles are unchanged, then in the continuum time limit,l would still be given by (56).
We next consider the volumes of the 4-simplices. To compute these volumes, we shall use the comparatively modern Cayley-Menger determinant instead, which generalises Heron's formula from areas of triangles to volumes of n-simplices. Suppose we label the vertices of an n-simplex with numbers 0 to n; then the simplex's volume can be computed by the formula
where B is a symmetric matrix given by
and where l ij = l ji is the distance between vertices i and j. So for the volume of a 4-simplex, we have 
We now differentiate each 4-simplex volume with respect to its strut-length. In our 4-block, each strut will be an edge of exactly one of the four 4-simplices, and each of the four 4-simplices will be attached to exactly one of the four struts. When we differentiate each volume with respect to its associated strut-length, the resulting expression simplifies greatly if we then take the continuum time limit; therefore we shall present only these continuum-time expressions here. In the continuum time limit, we find that ∂V ol
With the continuum time form of the relevant geometric quantities, we can now take the continuum time limit of the constraint equation (63) to obtain a differential equation for l(t). Before doing this though, we can make some further simplifications to the continuum time form of (63). We saw in the continuum time limit that all derivatives of the time-like hinges' areas became identical, as did all derivatives of the 4-simplices' volumes. Using this knowledge, we can significantly simplify the continuum time form of (63) to
The constants N edges/vertex and N tetrahedra/vertex are the numbers of edges and tetrahedra, respectively, meeting at any single vertex; they follow from the fact that each strut corresponds to the world-line of a vertex, each timelike hinge at that strut to an edge at the vertex, and each 4-simplex at that strut to a tetrahedron at the vertex; therefore, the total number of triangular hinges meeting at the strut is identical to the number of edges at a vertex, N edges/vertex , and the total number of 4-simplices at the strut is identical to the number of tetrahedra at a vertex, N tetrahedra/vertex . Substituting all geometric quantities into the above equation, we obtain
However, N edges/vertex and N tetrahedra/vertex are related to N 1 and N 3 by the relations
where N 0 is the number of vertices in a Cauchy surface and is also given by Table I . We therefore recover equation (57); thus in this case, local variation yields the same Hamiltonian constraint as global variation. By locally varying action (62) with respect to l i , we can also obtain an evolution equation identical to (58). To do this however, it turns out we must also make use of the Regge momentum constraints, that is, the equations obtained by locally varying the action with respect to each d i . It can be shown that such equations are of the form
where the summation is over all 4-blocks containing the diagonal being varied. The area terms vanish from this equation, as it can be shown that ∂A
To understand the relationship between the diagonal Regge equations and the evolution equations, let us first consider the variation of the 4-simplex volumes with respect to the diagonals and the tetrahedral edges. These derivatives actually depend on which tetrahedral edge or diagonal is being varied. Consider the triangulated 4-blocks lying between Σ i−1 and Σ i+1 ; if we vary the volumes with respect to the diagonals and then take the continuum time limit, we obtain
Clearly each diagonal yields a different derivative. If we do a similar variation with respect to the tetrahedral edge-lengths, it can be shown that all six derivatives can be expressed in the form
where l xy i is the length of the edge between vertices x and y and d xy ′ is the length of the diagonal triangulating the world-sheet between Σ i and Σ i+1 of edge l xy i . Thus each tetrahedral edge also gives a different derivative. Now if we vary the action with respect to an arbitrary edge l xy i , we obtain an evolution equation that can be expressed in the form 0 = RHS of (58) + Λ ∂V (4) ∂d xy ′ ,
where the summation is over all 4-blocks containing diagonal d xy ′ ; and by the diagonal Regge equation (74), this summation is equal to zero. We thus recover the same evolution equation (58) as we obtained from globally varying the action.
Since the diagonal equation is just a sum of different volume derivatives, we deduce from the form of the volume derivatives above that the diagonal equation will necessarily have the form
for some constants P and Q. Unfortunately, this equation does not give any physically meaningful solutions as it implies that either l = 0 orl 2 = −8 Q/P . If P and Q have the same signs, thenl would be imaginary. Even if P and Q have opposite signs,l 2 would still be a constant, and relation (56) forl would only equal this constant at a single value of θ; this implies that there is only one moment in the evolution of the universe, as given parametrically by relations (59) and (56), where such a diagonal equation could be satisfied.
Furthermore, without knowing how the triangulated 4-blocks fit together in the skeleton globally, we cannot determine the exact values for P and Q. The reason is as follows: a single diagonal will be shared by n 4-blocks; the diagonal might behave like a AB ′ -type diagonal in one 4-block but like a AC ′ -type diagonal in a neighbouring 4-block, and these two 4-blocks will clearly have different contributions to the sum in (74); hence it is even conceivable that different diagonals may give different Regge equations.
We can however obtain one constraint equation by summing the diagonal Regge equations over all diagonals in the Cauchy surface Σ t , where Σ t denotes the Cauchy surface at time t in the continuum time model; it then follows that
If l = 0, then this implies thatl 2 = − 8 5 , which, as we have just remarked, is clearly non-physical.
We shall discuss possible reasons for the local model's unviability later on.
D. Relationship between the global and local Regge equations
As Brewin has pointed out, the global Regge equations can usually be related to the local Regge equations through a chain rule. A necessary condition is that the global and local Regge actions be identical. The summations over hinges in the global action (35) and in the local action (62) are identical for the following reasons: the diagonal hinges do not contribute to the local action; the area of each trapezoidal hinge would always equal the areas of its two constituent triangular hinges while the deficit angles would always be identical; and both the areas and the corresponding deficit angles of the triangular space-like hinges would always be identical in both the original and triangulated skeletons. The volume components of the two actions are also identical since the volume of a CW 4-block should equal the sum of the volumes of its four constituent 4-simplices. Therefore in this case, the global and local actions are indeed identical.
Then by use of the chain rule, we can relate the global Regge equations to the local Regge equations. We begin with variation with respect to the struts. We can express the global variation of the common action S with respect to a global strut-length m as
where the summations are constrained to the region between a single pair of Cauchy surfaces Σ j and Σ j+1 , and where m ℓ i denotes the length of a local strut and d i the length of a local diagonal. Since we shall be setting all strut-lengths equal, then ∂m ℓ i /∂m = 1 for all i. Additionally, as we saw above, ∂S/∂m ℓ i is O(1) to leading order in dt. Thus the first summation has an overall leading order of O(1). On the other hand, it can be shown that
which becomes m/l in the continuum time limit. However m has a leading order of O(dt) in this limit, and as we saw above, ∂S/∂d i has a leading order of O(dt). Thus the second summation has an overall leading order of O dt 2 , which is higher than that of the first summation. It therefore does not contribute to the Regge equation at leading order, and we can consequently simplify (76) to just
clearly indicating that any solution of the local Regge equation will automatically be a solution of the global Regge equation as well. And as we saw above, the two solutions are in fact identical.
Using
where we have made use of the fact that i ∂S/∂d i = i ∂S/∂d i−1 in the continuum time limit. However, it can be shown that in this case, both ∂S/∂l ℓ i and ∂S/∂d i are O(dt) at leading order. Thus in contrast to the situation with the struts, a solution to 0 = ∂S/∂l ℓ i by itself is not sufficient to be a solution to 0 = ∂S/∂l; we must also satisfy 0 = ∂S/∂d i . This is what we saw above, where we were able to recover the global evolution equation (58) from its local counterpart (75) only when we also made use of the diagonal Regge equation (74).
E. Initial value equation for the parent models
In (3+1)-formulations of general relativity, one would customarily determine the entire space-time by specifying a set of data on some initial Cauchy surface Σ 0 and then evolving that data forwards in time to determine the rest of the space-time. Naturally, the evolution equation would be derived from the Einstein field equations. It has been shown [5] that the required initial data consists of the first and second fundamental forms, h and χ; the former corresponds to the projection of the metric g into Σ 0 and effectively determines the 3-dimensional intrinsic curvature of Σ 0 ; the latter effectively determines the extrinsic curvature of Σ 0 within the overall space-time.
There is a set of constraint equations that the initial data must satisfy to be consistent with the Einstein field equations. Let us express the Einstein field equation in the form
where G is the Einstein tensor and T the stress-energy tensor. Let n denote a field of normalised one-forms everywhere orthogonal to Σ 0 . By making use of the Gauss equation
which relates the 3-dimensional intrinsic curvature (3) R µνσρ of Σ 0 to its extrinsic curvature χ and its 4-dimensional intrinsic curvature R αβγδ , we can express the relation G (n, n) = 8πT (n, n) as
where (3) R is the 3-dimensional Ricci scalar of Σ 0 and ρ is the energy density of a matter source on Σ 0 . If the matter source is a perfect fluid co-moving with respect to Σ 0 , then ρ is simply the density of mass on Σ 0 . Equation (81) gives the first constraint equation; it is actually the Hamiltonian constraint of the ADM formalism, where it is customarily derived by extremising the ADM action with respect to the lapse function [6] .
which relates the extrinsic curvature χ of Σ 0 to its 4-dimensional intrinsic curvature in the form of the Ricci tensor R σρ , we can express the relation G (n,
which is actually a set of three equations, one for each i. This gives the rest of the constraint equations; these are the momentum constraints of the ADM formalism, where they are customarily derived by extremising the ADM action with respect to the shift functions [6] . Quite often, the initial surface Σ 0 is chosen to be the surface at a moment of time symmetry, that is, the moment when the surface's extrinsic curvature, as given by the second fundamental form χ, vanishes. In this case, the momentum constraints would vanish while the Hamiltonian constraint would simplify to
this is known as the initial value equation at the moment of time symmetry. When there is a cosmological constant, the Einstein field equations take the form
However we can always absorb the cosmological constant term Λg into T; it effectively acts as a perfect fluid source where ρ Λ = −p Λ = Λ/8π; then the initial value equation for a vacuum Λ-universe can be expressed as
We shall now demonstrate that when this equation is applied to the time-symmetric Cauchy surface of our Λ-FLRW Regge model, the equation is satisfied. However, the initial value equation (84) and the Einstein field equations, from which it is derived, will only be satisfied in an average manner on a Regge Cauchy surface. Curvature in the surface is concentrated at the hinges only, yet matter can be distributed away from the hinges where the skeleton is flat; thus the two sides of the equation will not agree in a point-wise manner. This contradiction arises because the Einstein field equations actually apply to smooth manifolds rather than Regge skeletons; they come about by varying the Einstein-Hilbert action when the underlying manifold is smooth rather than discrete. Thus by using the Einstein equations in this manner, we are effectively varying the Einstein-Hilbert action on a smooth manifold first and then applying the resulting field equations on a discrete manifold afterwards. The standard approach in Regge calculus is to use a discrete manifold from the very beginning, with the field equations obtained being different as a result. Clearly, the two approaches are not equivalent.
The parent models have a moment of time symmetry at the point of minimum expansion. This happens wheṅ l = 0, corresponding to a dihedral angle of
and from the Regge equation (59), the edge-lengths would then be
We shall show that this specifically is consistent with the initial value equation. If a Regge Cauchy surface is sufficiently uniform such that there is a well-defined 'volume per vertex', then an average for (3) R can be given by [7] 
where the summation is over all edges radiating from a single vertex. In this 3-dimensional Regge Cauchy surface, the tetrahedral edges are now the hinges, and δ i is the 3-dimensional deficit angle corresponding to edge l i . As the parent CW Cauchy surfaces are clearly very uniform, there is a well-defined 'volume per vertex' given by
Since there are 2N 1 /N 0 edges radiating out from any single vertex in the parent Cauchy surfaces, the summation in (87) can be expressed as i l i δ i = 2(N 1 /N 0 )l 0 δ, where δ is the common deficit angle of all edges. Therefore, the initial value equation (85), when applied to our model, becomes
which is exactly identical to (86) provided δ = (2π−nθ 0 ). Since n triangular faces do meet at any single edge, then the deficit angle δ will have the form (2π − nθ 0 ), whereθ 0 is the 3-dimensional dihedral angle between triangles in the Cauchy surface. Thus to complete our proof, we must show thatθ 0 = θ 0 . Consider a typical tetrahedron in E 3 with vertices A, B, C, D, and assign the vertices to have co-ordinates identical to the spatial co-ordinates of their counterparts in (13). Edge AB has faces ABC and ABD meeting at it; the unit normal to ABC isn a ABC = (0, 0, 1), and the unit normal to ABD iŝ
thus the dihedral angle between the two faces is given by
We therefore see thatθ 0 = θ 0 = arccos(1/3), and hence our models do satisfy the initial value equation at the moment of time symmetry.
F. Discussion of the parent models
Before examining the behaviour of our global Regge models, we shall first postulate on the reasons for the local models' failure. After we have obtained the Regge equations from local variation, the standard approach in Regge calculus would be to specify a set of initial data on a single Cauchy surface and then determine the edgelengths on all subsequent surfaces using the Regge equations alone. Rather than doing just this, we have additionally constrained edges on each subsequent surface to be identical, in accordance with the CW geometric constraints. As a result, the only variable left for the Regge equations to determine is the overall scaling of the edge-length on each surface. The extra constraints were motivated by the Copernican principle, as we expected each Cauchy surface to be homogeneous and isotropic like the FLRW Cauchy surfaces they are intended to approximate. The constraints implicitly assume that if we evolve from a Cauchy surface with identical edges, our subsequent surfaces will continue having identical edges because of the Copernican principle; we had assumed this would be the outcome even if we did not explicitly impose the constraints, so the constraints were really expected only to simplify calculations. The Regge equations presented in (57) and (75) were obtained after the constraints were imposed.
In the global model, all Cauchy surfaces did possess Copernican symmetries as we could readily swap any pair of vertices, tetrahedral edges, or struts on a surface without really changing the surface itself. However this was no longer the case in the local model when we triangulated the Cauchy surfaces, as the diagonals seemed to disrupt homogeneity. Not all vertices, for example, were connected to diagonals in the same way; thus they could not be swapped without non-trivially altering the surface itself: in a 4-block, like the one depicted in Fig. 1 and Fig. 2 , vertices D and A ′ would not be assigned any diagonals while A and D ′ would each be assigned three. Because we no longer have perfect homogeneity, our expectation for edges to remain identical under evolution was no longer well founded. Rather, we should allow the initial surface to evolve according to the unconstrained Regge equations; without the additional constraints, we should expect to have a different equation for each edge on the surface.
There may perhaps be a third method of varying the Regge skeleton, lying somewhere between a completely global variation and a completely local one, such that each edge of the original CW skeleton could be varied individually without having to break the symmetries inherent in the Cauchy surfaces. We shall refer to this third approach as semi-local variation. When a single edge of a 4-block is being varied, it is possible to impose constraints on the 4-block's internal geometry, without needing to introduce extra independent edges, such that the geometry would still be well-defined under variation. For instance, one could constrain each block's internal diagonals to be specific functions of the external edges; then when an external edge gets varied explicitly, the diagonals would get varied implicitly in accordance with the constraints. The idea behind semi-local variation is to impose such constraints on the 4-blocks attached to the edge being varied; after variation, one would then impose whatever further constraints on the skeleton that are necessary to make all other 4-blocks consistent with CW 4-blocks. We shall refer to the first set of constraints, the ones imposed on the 4-blocks around the varied edge, as local constraints and the remaining constraints as global constraints. The local constraints, however, must be chosen in a way that keeps all tetrahedral edges identical, otherwise the model may still not be viable. We leave to future consideration whether such a choice of constraints is possible.
We now turn to comparing the global Regge models against the continuum model. We shall consider both the 3-sphere radii of the different models as well as the total volume of the universe. In Fig. 6 , we have plotted the rate of expansion of the universe's volume against the volume itself for each of the models. The volumes of Regge universes were given by (30), while the volume of the FLRW universe was given by (6) . We see that as the number of tetrahedra increases, the model's accuracy improves, with the 600 tetrahedra model matching the FLRW model especially well when the universe is small.
For comparison, we have also plotted analogous graphs in Fig. 7 where the Regge universes' volumes were taken to be volumes of 3-spheres of radiusR(t), as given by The rate of expansion of 3-sphere volumes dU/dt versus the volume U itself for the FLRW universe and the three different Regge models. We have usedR(t) as defined in (61) to be the Regge universes' 3-sphere radii. AsR(t) was defined for all models to equal the FLRW scale factor a(t) when dR/dt =ȧ = 0, then the volumes for all Regge models should equal the volume for the FLRW universe when dU/dt = 0; hence all graphs above coincide at dU/dt = 0.
(61). In these graphs, the Regge models also very closely approximate the FLRW universe at low volumes before diverging as the universe gets larger; the approximation again improves as the number of tetrahedra increases.
In Fig. 8 , we have plotted the expansion rate of the universe's radius against the radius itself, with each sub- (28), (c) the radius R(t) to vertices, as given by (21), (d) the radius R1(t) to the centres of edges, as given by (22), (e) the radius R2(t) to the centres of triangles, as given by (24), and (f) the radius R3(t) to tetrahedral centres, as given by (26).
figure using a different measure of 3-sphere radius for the Regge models. In all cases, the approximation to FLRW again improves as the number of tetrahedra increases but gradually diverges as the universe expands. The figures also reveal that radiusR(t) gives the best approximation to the FLRW model. This was somewhat expected given thatR(t) was deliberately defined so that it would match a(t) exactly at the point of minimum expansion, the point which corresponds to the beginning of all the graphs. However, the radius R 2 (t) to the centres of triangles also gives a very good measure, as Fig. 8e reveals; this clearly indicates that centres of the triangles lie very close to 3-spheres of radiusR, but it is not clear if there exists any underlying reason for this. All of our graphs terminated at an end-point on the right; this corresponds to the moment when the timelike struts turn null. Brewin noticed a similar feature in his dust-filled FLRW models [3] . He noted that at the point when the struts turn null, the Cauchy surface Σ t would no longer be in the past domain of dependence of the Cauchy surface Σ t+dt ; there would be points in Σ t+dt which cannot be reached by any non space-like curves from any point in Σ t . However in Brewin's case, the end-point appeared when the universe tried to contract to zero volume, whereas our end-point appeared at large universe volumes. Brewin suspected in his case that the end-point signalled the local curvature had become too large for the approximation to handle. Nevertheless, in both Brewin's models and ours, increasing the number of tetrahedra does postpone the appearance of the endpoint. In his case, he is able to reach smaller volumes with a larger number of tetrahedra, while we are able to reach larger volumes, as all the graphs have shown.
In all of our graphs, we noticed that the models diverge increasingly from FLRW as the universe gets larger. We believe this is due to the finite resolution of our models trying to approximate an ever-expanding universe. Regardless of the universe's size, the number of tetrahedra in any given approximation is always kept fixed; therefore the resolution will degrade as the universe gets larger. This is consistent with our observation that the graph diverges more slowly from FLRW as the number of tetrahedra is increased, as the resolution of the higher tetrahedra models are able to 'keep up' longer with FLRW.
IV. CHILDREN MODELS OF CLOSED VACUUM Λ-FLRW UNIVERSES
From any parent model, one can always generate a secondary model by triangulating each parent tetrahedron into a set of smaller tetrahedra. Brewin has devised a method that can subdivide any tetrahedra such that not only can it be applied to parent tetrahedra to generate secondary models, but it can also be applied to each child tetrahedron afterwards to generate even finergrained models. Thus, Brewin's scheme can in principle be applied indefinitely. However, we shall only consider the first generation of children models. Under Brewin's scheme, each parent tetrahedron gets divided into 12 children tetrahedra. Seven new vertices are introduced, six at the parent edges' mid-points, the seventh at the tetrahedral centre. If the parent vertices are labelled A, B, C, D, then (XY ) will denote the mid-point vertex between any pair of parent vertices X, Y ∈ {A, B, C, D}, while (ABCD) will denote the central vertex. A partially subdivided parent is shown in Fig. 9 . The scheme also introduces three distinct types of edges. Edges connecting parent vertices to mid-point vertices, such as A(AB), have length u i . As there are six parent edges in a parent tetrahedron, so there are 12 length-u i edges. Edges connecting mid-points to midpoints, such as (AB)(AC), have length v i . Each face has three of these edges, and as there are four faces per parent tetrahedron, so there are 12 of these edges per parent tetrahedron as well. Finally, edges connecting midpoints to (ABCD), such as (AB)(ABCD) have length p i . Each mid-point contributes one such edge and each parent edge contributes one mid-point, so there are six length-p i edges per parent tetrahedron. No edges connect parent vertices to (ABCD).
As a result, there will also be three distinct types of subdivided tetrahedra, each with four members per parent tetrahedron, thus giving the total of 12 children tetrahedra. Each Type I tetrahedron consists of an equilateral base formed by three mid-point vertices and an apex at a parent vertex; an example would be A(AB)(AC)(AD). There are four of these tetrahedra in a parent tetrahedron, one per parent vertex. Type II tetrahedra share the same equilateral base as Type I but have their apexes at (ABCD) instead. Because they share the same base, there is a one-one correspondence between Type I and Type II tetrahedra, so there are four Type II tetrahedra per parent as well. Finally, a Type III tetrahedron consists of an apex at (ABCD) as well and an equilateral base formed by the three mid-point vertices on a single parent face; an example would be (AB)(AC)(BC)(ABCD). Since each parent face is associated with one Type III tetrahedron, there are four Type III tetrahedra per parent tetrahedron. We note that in terms of their edge-lengths, Type II and Type III tetrahedra are identical. The different vertices, edges, and tetrahedra in the subdivided parent tetrahedron have been summarised in Table III . Finally, each vertex's world-line will generate a strut connecting one Cauchy surface to the next. As there are three sets of vertices, there will also be three sets of struts, with all struts in the same set sharing the same length. Following Brewin, we shall restrict our consideration to only models where all three sets are constrained to have the same length.
Since all Cauchy surfaces in continuum FLRW spacetime are identical to each other apart from a timedependent scale factor a(t), by analogy, we shall require the subdivided Cauchy surfaces to be identical to each other as well apart from an overall time-dependent scale factor; that is, we shall require
for some constants α and β independent of the Cauchy surface. This requirement is natural because our CW Cauchy surfaces are intended to approximate FLRW Cauchy surfaces; so if the only difference between two FLRW surfaces is an overall scaling a 0 → λ a 0 , then the only difference between the two CW surfaces approximating them should be a re-scaling of all lengths by λ as well. This is assuming that the two CW surfaces triangulate their respective FLRW surfaces in the same way; that is, we do not have any extra vertices, edges, or tetrahedra appearing in one Regge surface but not the other.
A. The 3-sphere embedding of children Cauchy surfaces
The subdivided Cauchy surface will have a slightly different embedding from that of the parent Cauchy surface. The main difference is that each of the three sets of vertices can lie on its own 3-sphere, as the three sets are independent of each other. Nonetheless, the three 3-spheres will share a common centre in E 4 . As the Cauchy surface expands or contracts, the radii of the three 3-spheres will increase or decrease correspondingly. Each 3-sphere can be parametrised using polar co-ordinates as given by (16) though with different radii. We shall denote the three radii by R We shall first embed a representative subset of the midpoint vertices. As with the parent model, we can always choose our co-ordinates such that one of these vertices lies at (0, 0, 0). This vertex will have n + n nearest mid-point neighbours to it, where n is given by the final column of Table I . To help understand the positions of these nearest neighbours, we shall refer to Fig. 9 . Suppose our vertex at (0, 0, 0) corresponds to the mid-point vertex (AB) in Fig. 9 ; then on each parent triangle containing this vertex, there will be two nearest mid-point neighbours, for instance (AD) and (BD) for triangle ABD in the figure. Since n parent triangles share a parent edge, there will be n parent triangles containing vertex (AB); thus we shall have a total of n nearest neighbours from (AD) and its analogues and another n nearest neighbours from (BD) and its analogues. This gives a combined set of n + n nearest mid-point neighbours. We shall refer to one of the two sets as the 'upper' set and the other as the 'lower' set. As these neighbours are all located at a common distance of v i from the first vertex, they are situated on a common 2-sphere centred on this vertex. Hence, we can choose the χ co-ordinate of these neighbours to be determined by just the radius of this 2-sphere. We denote this co-ordinate by χ = χ 0 .
The upper and lower sets each form a spoke around the first vertex. An example of such spokes is illustrated in Fig. 10 for the case of n = 4. We shall label the upper vertices by 1 . . . n and the lower ones by 1
would be the (BD)-type counterpart located on the same parent triangle. With this choice of labelling, we note that each m and m ′ pair are nearest neighbours as well. We can choose the θ co-ordinate to be such that the upper vertices are all located at θ = θ 0 . Then if we choose vertex 1 to be at φ = 0, upper vertex m will be located at φ = 2(m − 1)π/n. Having fixed the upper vertices, the lower vertices are constrained to be at θ = π − θ 0 with vertex m ′ having the same φ co-ordinate as its upper counterpart m. These results are summarised in Table  IV. The parameters χ 0 , θ 0 , R
can be related to the edgelength v i . As mentioned above, the χ 0 co-ordinate is fixed by the distance between vertex 0 and its nearest neighbours; this yields the relation
From the distance between vertices 1 and 2, we have the relation
and from the distance between 1 and 1 ′ , we have the relation
Solving these equations yields 
We see that once again, the ratio between the edge-length v i and the 3-sphere radius R
is independent of the Cauchy surface label i and hence of time. We see as well that the angular co-ordinates of the vertices are also independent of i, and therefore, as the edge-length v i expands or contracts, the 3-sphere simply expands and contracts about its centre.
We now consider the embedding of the nearest parent vertices. There will be two nearest parent neighbours to vertex 0. One of them will also be a nearest neighbour of all n upper vertices and the other of all n lower vertices, as illustrated in Fig. 10 . By symmetry, the upper parent vertex will be located on the 2-dimensional plane containing vertex 0 but orthogonal to the plane containing the upper n vertices. We can obtain one vector p (1) in this plane by taking the average of the n vertices and subtracting the position of vertex 0. This gives the vector
A second basis q (1) for the plane can be obtained by requiring orthogonality to both p (1) and any vector joining any two of the upper n vertices. This gives
In terms of these two vectors, the location r (1) of the parent vertex is then
since both vectors p (1) and q (1) are given with respect to the position of vertex 0. We also require r (1) be equidistant to vertex 0 and all upper n vertices; this constraint fixes λ (1) to be
while µ (1) remains a free parameter. It can be shown that q (1) is actually parallel to the radial vector connecting the parent vertex to the centre of the 3-sphere, that is,
whereq (1) is simply q (1) normalised. We can therefore express r
(1) more simply as
and radius R
(1) i is related to parameter µ (1) by
Since the free parameter µ (1) only changes r (1) along the direction of q (1) , changing µ (1) will only change the radius of the 3-sphere.
We can deduce the embedding of the nearest central vertices in a similar manner. As there are n parent tetrahedra hinging on a parent edge, there will be a total of n central vertices that are nearest neighbours to vertex 0. Each of these n vertices will be located along the central axis to each vertex quadruplet of the form m, m ′ , (m+1), (m+1) ′ for all m ∈ [1, n], with vertices (n+1) and (n+1) ′ being identified with vertices 1 and 1 ′ . Two examples of central vertices are shown in Fig. 10 . We shall focus on the central vertex equidistant to vertices 0, 1, 1 ′ , 2, 2 ′ . Similar to the situation with the parent vertex, the central vertex will be located on the 2-dimensional plane containing vertex 0 but orthogonal to the plane containing vertices 1, 1 ′ , 2, 2 ′ . A vector p (2) in this plane can be found by taking the average of vertices 1, 1 ′ , 2, 2 ′ and then subtracting the position of vertex 0; this gives
(102) The second basis q (2) can be obtained by requiring orthogonality with p (2) and with any vector connecting any of vertices 1, 1 ′ , 2, 2 ′ ; this yields
Then in terms of these two vectors, the position r (2) of the vertex is
Requiring r (2) to be equidistant to vertices 0, 1, 1
while µ (2) remains a free parameter as well. As with the parent vertex, it can be shown that q (2) is actually parallel to the radial vector pointing from the centre of the 3-sphere to the central vertex, that is,
whereq (2) is simply q (2) normalised. Therefore, we can also express r (2) as
Since the free parameter µ (2) only changes r (2) along the direction of q (2) , changing µ (2) will only change the radius of the 3-sphere.
We have previously related v i to R (2) i in (95). We can also relate edge-lengths u i and p i to the 3-sphere radii. The relationship between u i and R
while that between p i and R
Since µ (1) and µ (2) are free parameters that determine the 3-sphere radii R i , respectively, we can reexpress (101) and (107) in the form
where the scaling factorsᾱ > 0 andβ > 0 now become the free parameters. This effectively means that R can be freely chosen for some initial Cauchy surface, and from (108) and (109), this choice would effectively determine u i and p i . Therefore, the freedom to choosē α andβ is equivalent to a freedom to choose α and β in (89) for some initial Cauchy surface.
By alteringᾱ orβ, we would expand or contract one of the 3-spheres relative to the others. The vertices on the altered 3-sphere would simply shift radially inwards or outwards, but not angularly. Because the shift is purely radial, a vertex on this 3-sphere would still remain equidistant to its nearest neighbours on the same 3-sphere, although that distance would change. Similarly, the vertex would remain equidistant to its nearest neighbours on the R (2) i 3-sphere but with the distance altered as well.
As mentioned at the start of this section, all FLRW 3-spheres are identical to each other apart from an overall scaling a(t), and we approximate this symmetry by requiring ratios α and β as defined in (89) to be constant; then the evolution of two sets of the Cauchy surface edgelengths can be determined by the third set alone, which we shall take to be v i . Since α and β are equivalent toᾱ andβ, respectively, we can equivalently require that all of our Regge 3-spheres be identical to each other apart from an overall scaling; we would freely specifyᾱ and β for some initial Cauchy surface, but our requirement would constrainᾱ andβ to be the same for all subsequent Cauchy surfaces. As a result, the evolution of two of our 3-sphere radii can be determined by the third radius alone, and we shall choose R (2) i to be that sole dynamical radius. The analogy between CW Cauchy surfaces and FLRW Cauchy surfaces is much clearer when working with these embedding 3-spheres and 3-sphere radii rather than with tetrahedral edge-lengths. However regardless of whether we work with radii or edge-lengths, there is only one dynamical length parametrising the entire system.
B. Child 4-block co-ordinates
To facilitate the calculation of geometric quantities in the children models, we shall introduce a co-ordinate system similar to (13). Our approach is a modification of Collins and Williams' original approach and differs from that followed by Brewin, who uses non-Cartesian co-ordinates. Let us consider a typical tetrahedron of the model in Cauchy surface Σ i . It will always have an equilateral base of edge-length v i regardless of the tetrahedron's type. We label the base's vertices by A, B, C and the apex by D. The three edges meeting at the apex will all be of identical length, either u i or p i , and without loss of generality, we shall work with u i . Then we have the freedom to set the co-ordinates for A, B, C, D to be
where h i is the height of the tetrahedron and is given by
This tetrahedron evolves to another in surface Σ i+1 with vertices labelled
The vertices' coordinates are determined by constraints on the edgelengths and the requirement that the 4-block have no twist or shear. The edge-length constraints are that the lengths of struts AA ′ , BB ′ , CC ′ be equal, the lengths of edges
and the lengths of edges
We note that these constraints include the same constraints imposed on the parent 4-block's geometry. Once again, the constraint on the strut-lengths and the requirement of no twist or shear can be considered analogous to a choice of shift and lapse functions in the ADM formalism.
Evolution should preserve the equilateral symmetry of the tetrahedron's base; therefore, the base should simply expand or contract uniformly about its centre. However, it may also undergo a vertical displacement δz i , which is determined by the struts' lengths.
The requirement that apex D ′ be located at distance u i from each base vertex is equivalent to the two constraints that D ′ lie at distance h i+1 from the base's centre and that the central axis connecting D ′ to the base's centre lie orthogonally to the base. As base A ′ B ′ C ′ defines a 2-dimensional plane in a (3+1)-dimensional Minkowski space-time, the subspace orthogonal to it would be a (1+1)-dimensional plane, and the tetrahedron's central axis can be oriented along any direction in this plane. Combined with the first constraint, the second constraint implies that D ′ will lie on a hyperbola in this (1+1)-dimensional plane; exactly where on the hyperbola it lies depends on the length of strut DD ′ . Therefore the axis of the upper tetrahedron may in general be Lorentz-boosted relative to that of the lower tetrahedron.
Thus the upper vertices' co-ordinates are given most generally by
where ψ i is the relative boost between the upper and lower tetrahedra's axes. However if the 4-block is to have no twist or shear, then we also require that the world-sheet generated by each tetrahedral edge between Σ i and Σ i+1 be flat; in other words, the four vectors parallel to the four sides of this world-sheet must be co-planar. When this requirement is imposed on any world-sheet involving D ′ , such as ADA ′ D ′ , and when the scaling relations (89) are imposed, it can be shown that ψ i must be zero. Therefore, the upper tetrahedron's co-ordinates can be simplified to
We can now deduce δz i from the requirement that struts AA ′ and DD ′ have equal length; this gives the equation
where δv i denotes δv i := v i+1 − v i . Solving this yields
C. Geometric quantities
We shall now derive the geometric quantities relevant to the Regge equations. However, we shall only present those quantities relevant to the Hamiltonian constraint equation, that is, to varying the action with respect to the strut-lengths, as our plan is to use this constraint to study the behaviour of the children models, much like how we studied the behaviour of the parent models from the parent Hamiltonian constraint. Moreover, we shall only present the local variation of those quantities, since global variation can always be related to local variation by the chain rule.
Before proceeding, we shall first remark on an implication that the strut-length constraint has on the relationship between α and β. Using co-ordinates (111) and (113), we can express the length of a parent vertex's strut as
where again, δt i denotes δt i := t i+1 − t i . By simply swapping α for β in the above expression, we obtain an equivalent expression for the length of a central vertex's strut, that is,
As we require all strut-lengths to be equal between any pair of consecutive vertices, it follows that
which implies that
This relationship between α and β implies that one of the three edge-lengths, and hence one of the three 3-sphere radii, can no longer be independent of the other two edgelengths and radii.
We shall now turn to presenting all geometric quantities relevant to the children models' Hamiltonian constraint. As with the parent models, the only relevant geometric quantities are the varied time-like hinges generated by the tetrahedral edges' world-sheets, the corresponding deficit angles, and the 4-blocks' varied volumes.
We begin with the variation of the time-like hinges. As with the parent models, the time-like hinges can again be triangulated in the same manner as depicted in Fig. 5 ; and we can again use equations (64) to (67) to obtain the variation of the resulting triangular hinges with respect to their strut-lengths m i . For the hinges generated by an edge of length u i , we find that
wherev i denotesv i := δv i /δt i . For the hinges generated by an edge of length p i , we can swap α for β to obtain
Finally for the hinges generated by v i , we find that
As we shall ultimately take the continuum time limit of the Regge equations, we shall at this stage present the continuum time limit of the quantities above for later use. As δt i → 0, equation (118) becomes
equation (119) becomes
and equation (120) becomes
We next turn to determining the deficit angles. In the 4-block described by (111) and (113), there will be two different dihedral angles, one at hinges generated by the edges of length v i and the other at hinges generated by the edges of length u i .
Let us first consider the dihedral angle at trapezoidal hinge ABA ′ B ′ , which is generated by a length-v i edge. Because this hinge is co-planar, the two triangular hinges that subdivide it will have the same dihedral angle as that of the original hinge. The two faces in the 4-block meeting at
, and the unit normals to these faces are, respectively,
and
Therefore the dihedral angle between the two faces is given by cos θ
(126) Let us next consider the dihedral angle at hinge ADA ′ D ′ , which is generated by length-u i edges. This hinge is also co-planar, and so the two triangular hinges that subdivide it will also have the same dihedral angle. The faces meeting at this hinge are
repeats from before and so has unit normaln 2 , while face
Thus the dihedral angle is given by cos θ
There will be another pair of dihedral angles, analogous to the two above, in the 4-block with edges of length p i instead of u i . These angles can immediately be obtained by swapping α for β in the two expressions above, thus giving cos θ
(129) and
Therefore the child model has a total of four distinct dihedral angles. With these dihedral angles, we can now deduce the deficit angles at each hinge. We begin with hinges generated by length-u i edges. There will be n space-like triangular faces meeting at such an edge, with n again given by the last column of Table I , and hence there will be n faces meeting at the hinge generated by that edge. Between each adjacent pair of faces is a dihedral angle of θ (2) i , and hence the hinge's deficit angle is
We next consider the deficit angle at hinges generated by length-v i edges. These edges are attached to all three types of tetrahedra, and each type contributes a different dihedral angle to the corresponding hinges' overall deficit angle; each Type I tetrahedron contributes θ Therefore the deficit angle is
Finally, we consider the deficit angle at hinges generated by length-p i edges. Only Type II and III tetrahedra have such edges, and each will contribute a dihedral angle of θ 
The final geometric quantities to derive are the 4-simplices' varied volumes. A 4-block generated by a tetrahedron can again be triangulated in the same manner as shown in Fig. 2 , and the volumes of the four 4-simplices generated can again be calculated in the same manner as with the parent models, using equations (69) to (72). Again, we vary each of these volumes with respect to their associated strut-length. The resulting expressions also simplify greatly after the continuum time limit is taken, so we therefore present only the continuum time expressions again. For the 4-block generated by a Type I tetrahedron, the derivatives of all four 4-simplices' volumes simplify to
(135) The 4-block generated by Type II and Type III tetrahedra are identical, and the derivatives of all 4-simplices' volumes simplify to
(136)
D. Varying the Regge action
We shall now derive the Regge equations for the children models. We initially attempted to locally vary the Regge action with respect to the strut lengths, however this resulted in a mutually inconsistent set of equations. Because each child model has three distinct sets of struts, local variation would yield a total of three distinct constraint equations, one for each set. Any of the constraint equations could then be used to determine the behaviour of our dynamical variable v i , but with three constraint equations determining a single v i , the system of equations would risk being over-determined. This indeed happened; we obtained three constraint equations that gave mutually inconsistent relations for v i regardless of which choice we made for β in (117). Therefore, we can perform only a global variation of the action, and this is what we shall now present.
The Regge action for a child model can be expressed as
where the summation i is over the Cauchy surfaces, N 3 is the number of parent tetrahedra, and V
i, X is the volume of the entire 4-block of a Type X tetrahedron, that is the combined volume of all four constituent 4-simplices of the 4-block. Each coefficient N Area X , where X = 1, 2, 3, denotes the number of AX, BX triangular hinge pairs in a Cauchy surface and would equal the number of tetrahedral edges that generate the pairs. So N Area 1 is given by twice the number of parent edges N 1 , that is,
As there are three v i -edges per parent face, then N Area 2
is
where N 2 is the number of parent faces, and the second equality follows from (132). Finally, N Area 3 is determined by the fact that each parent tetrahedron has six p i -edges, none of which is shared with any other parent tetrahedra. Therefore,
We can use the chain rule to express any globally varied quantity as a sum of locally varied quantities. For a common strut-length m i , the chain rule takes the form
Since all struts have equal length, then
We also have that
However we found that the leading order of the Regge equation 0 = ∂S/∂m i was O(1), so once again, the diagonal derivatives do not contribute. Hence to leading order, the chain rule can be simplified to the form
We have used this chain rule to globally vary the Regge action with respect to m i to obtain the Hamiltonian constraint for the children models, and we have then taken the continuum time limit. The resulting equation is
where relation (116) has been used to simplify the expression. From (128), we can parametrisev in terms of cos θ (2) through the expressioṅ
(142) As with the parent model, the range of θ (2) is bounded from above by the requirement thatv 2 ≥ 0 and from below by the requirement that the strut-lengths be timelike, that is, (m i ) 2 < 0; this leads to the range of
If this evolution equation is to be consistent with the Hamiltonian constraint (141) and with relation (142), then we require the Hamiltonian constraint to be its first integral. In Appendix B, we have proven that this is possible if α = β = 1, that is, if the children tetrahedra are all equilateral, and we have partially proven that this requirement fails for any other values of α and β. By taking α = β = 1, we can further simplify our model. The dihedral angles now become cos θ
(1) = cos θ (2) = cos θ (3) = cos θ
which is identical to its counterpart (47) for the parent models. Since all dihedral angles are identical, we shall henceforth drop the superscript. Then, the Hamiltonian constraint simplifies to
and relation (142) forv simplifies tȯ
which is identical to its parent model counterpart as given by (56). We can now simply use (146) and (147) rather than the evolution equation to determine the behaviour of our models. Finally, we present the volume of the subdivided Regge universe, which is again simply the sum of the volumes of all constituent tetrahedra in a Cauchy surface. This volume is
which reduces toŨ
when α = β = 1.
E. Initial value equation for the children models
Like the parent models, the children models also admit a moment of time symmetry at the moment of minimum expansion, whenv = 0. At this moment, it follows from (141) that
0 − 4θ
where cos θ
The three deficit angles δ
i , δ
i , given, respectively, by (131), (133), and (134), now become
We shall now demonstrate that (150) is also consistent with the initial value equation. Unlike the parent models however, vertices in children Cauchy surfaces are no longer identical, so the notion of a 'volume per vertex' becomes harder to define; thus we cannot follow the same method as with the parent models. Instead, we shall integrate equation (85) over the entire Cauchy surface Σ 0 . The left-hand side becomes [1] 
where the integration measure is unity because the Regge tetrahedra are flat, the summation is over all edges in Σ 0 because these are the hinges of a 3-dimensional skeleton, δ i is the 3-dimensional deficit angle of an edge, and ℓ i is the edge's length. The right-hand side becomes simply 2 ΛŨ N3 (t i ). Then after equating the two sides and making use of (148), we can express the initial value equation as
(152) Recall that a child Cauchy surface has only three distinct edge-lengths, which for surface Σ 0 are u 0 , v 0 , and p 0 , and that all edges with the same length are identical, implying that they would be associated with the same deficit angle in the 3-dimensional skeleton of Σ 0 . We shall denote the 3-dimensional deficit angle associated with u 0 byδ Then the summation on the left-hand side of (152) can be expressed as
0 ,
where N Edge u0 , N Edge p0 , and N Edge v0 denote the number of edges with lengths u 0 , p 0 , and v 0 , respectively, in Σ 0 . Making use of the scaling relations (89) and the fact that
we further simplify the summation to i∈{edges} ℓ i δ i = 2 N 1 αδ
where we have used relations (138) to (140) to substitute for N Area 1 , N Area 2 , and N Area 3 . Substituting back into (152), we solve for v 0 to obtain
0 + 3δ
This expression is identical to (150) provided the 3-dimensional deficit anglesδ 
0 is the 3-dimensional dihedral angle between the two triangles that generate the two 3-dimensional faces separated by dihedral angle θ (i) 0 . To complete our proof then, we need only demonstrateθ
Consider a typical tetrahedron in E 3 with vertices A, B, C, D. Let the vertices' co-ordinates be identical to the spatial co-ordinates of their counterparts in (111). This tetrahedron has two distinct hinges, AB and AD. We first consider the dihedral angle at AB. Triangles ABC and ABD meet at this hinge and are separated by the dihedral angleθ (1) 0 . The unit normal to ABC is (0, 0, 1), and the unit normal to ABD is 1
From their scalar product, we find that
and thus we see thatθ
0 . Next, we consider the dihedral angle at hinge AD. Triangles ABD and ACD meet at this hinge and are separated by the dihedral angleθ (2) 0 . The unit normal to ABD is the same as before, while the unit normal to ACD is
The scalar product gives
and we can similarly conclude thatθ
0 . Finally, we can readily obtain analogous expressions forθ 
0 , and we can now conclude that the Regge equation (141) for the children models does indeed satisfy the initial value equation.
F. Discussion of the children models
We now compare the behaviour of the children models against their corresponding parent models as well as against the FLRW universe. We shall only consider the models where the children tetrahedra are all equilateral, as these are the only models for which the evolution and constraint equations are consistent. Figure 11 and Figure 12 compare the graphs of dU/dt against U for each of our models, with U given by (149) for the subdivided Regge models and by (30) for the parent models. The graphs in Fig. 12 focus on the 600-tetrahedral parent and its 7200-tetrahedral child, with the bottom plot extended so as to reveal the graphs' endpoints. At low volumes, subdividing the tetrahedra actually made the Regge approximation worse. We can see this more concretely in Table V , where we list the minimum volumes for each model and their fractional difference from the FLRW minimum. While increasing the number of tetrahedra in the parent models brought the minimum volume closer to the FLRW value, increasing the number in the children models actually brought it further away. In fact, the worst parent model was still more accurate than the best child model. At large volumes though, increasing the number of tetrahedra clearly improved the Regge approximation with the 7200-tetrahedral model having the best performance. We also see that all models again diverge from the FLRW model at large volumes but with the rate of divergence reduced as the number of tetrahedra is increased. We believe the children models owe their better performance at large volumes primarily to their lower rate of divergence; and again, we believe this lower rate of divergence is the result of more tetrahedra providing a higher resolution approximation that can 'keep up' longer with the FLRW model. We also note that each model terminates at large volumes whenever the strut becomes null and that this endpoint gets increasingly delayed as the number of tetrahedra is increased. Thus these figures reveal that each child model provides an approximation that starts off worse than its parent but is later much better by virtue of its more robust resolution. As with the parent models, we can define a 3-sphere radiusR(t) analogous to (34) for children Cauchy surfaces such thatR(0) = a(0); that is,R(t) and a(t) match at the moment of minimum expansion; thus, we definê R(t) to beR
where v min is the minimum value of v and is given by (141) when θ (2) = arccos[(2α 2 − 1)/(4α 2 − 1)] = arccos(1/3). Such a definition is possible because we saw that all possible 3-sphere radii are related to the tetrahedral edge-lengths by constant scalings.
Note that when n = 5, then l(t) as given by (57) and v(t) as given by (146) will be identical apart from an overall constant factor. When this happens, the two corresponding models will have the sameR(t). This happens for 600-tetrahedral parent model and for its 7200-tetrahedral child. We now examine the behaviours of dR/dt versusR(t) and of the corresponding 3-sphere volumes. Figure 13 shows the relationship between dR/dt andR(t) for each of the Regge models and the relationship between da/dt and a(t) for the FLRW model. Figure 14 shows the relationship between the corresponding 3-sphere volumes and their rates of expansion. We note that in both figures, the graphs for the 600-tetrahedral model and its 7200-tetrahedral child coincide, as expected. The definition ofR(t) has clearly removed any variability in the initial performance of the Regge models; now, the Regge models with more tetrahedra consistently outperform those with fewer. The rate of divergence from FLRW is again reduced and the graphs' end-points further delayed as the number of tetrahedra is increased. Thus in these graphs, increasing the number of tetrahedra clearly improves the Regge approximation.
As mentioned earlier, we were unable to obtain a consistent set of Regge equations when we locally varied the children models' action. We suspect that we may not actually have complete freedom to specify the lengths of all three sets of struts, contrary to Brewin's claim. Instead, two of the strut-lengths may depend on the third. The dependence may actually be determined by two of the three constraint equations obtained from varying the struts locally; they may perhaps act as evolution equations for the two non-independent sets of struts, one equation for one set; the third constraint equation would still determine the evolution of the tetrahedral edges. We note though that so long as the strut-lengths remain interdependent, there will also be some constraint between the tetrahedral edge-length ratios α and β similar to (117); this would follow from a similar reasoning to that which led to (117). After determining the lengths of the two non-independent sets of struts, one could then deduce from them the constraint between α and β.
Nevertheless, we may still run into the same problem encountered when locally varying the parent model. There, we discovered that for the evolution equation (75) to be a first integral of the Hamiltonian constraint (59), the momentum constraints (74) must also be satisfied. However these latter constraints required the model to behave in an unphysical manner, and thus, the model broke down. We suspected the underlying cause to be the breaking of Copernican symmetries from introducing the diagonals. With the children models, we should also expect the diagonals to break Copernican symmetries, possibly rendering, for example, the mid-point vertices inequivalent to each other. Nevertheless, even if the local model were not viable, it would, through a chain-rule relationship analogous to (76), produce an alternative but viable global model, and the properties of this new model would be worthy of further investigation; indeed, it may possess some desirable advantages over our current child model, such as, for instance, having a Hamiltonian constraint that is unconditionally a first integral of the evolution equation. However, we shall for now leave a more thorough examination into the viability and properties of such models, local and global, to future study.
ACKNOWLEDGMENTS
The authors would like to thank Leo Brewin and Adrian Gentle for much helpful discussion. RGL acknowledges partial financial support from the Cambridge Commonwealth Trust.
APPENDIX A: THE AVERAGE RADIUS OF A CW CAUCHY SURFACE
In this appendix, we shall present the computation of the numerical factors in (28) for the average radius of a CW Cauchy surface. To compute these factors, we must first determine the radius to any arbitrary point v in the Cauchy surface. In terms of the position of vertices A, B, C, D of our representative tetrahedron, the position of v in the tetrahedron can be expressed as
where A, B, C, D are the position vectors of vertices A, B, C, D relative to the embedding 3-sphere's centre, and where constants α, β, γ, δ satisfy 0 ≤ α, β, γ, δ ≤ 1 and α + β + γ + δ = 1. Working in the E 4 co-ordinate system of (16), we can take vertices A, B, C, D to have coordinates given by vertices 1 to 4, respectively, in 
where R(t i ) is the radius to any of the vertices and is determined from the edge-lengths l(t i ) using (21).
To get the average radius, we therefore need to compute the multiple integral
where the normalisation N is given by N = 
For each of the three models, the integral (A3) was evaluated numerically to obtain the factors in (28).
APPENDIX B: PROOF OF CONSTRAINT EQUATION BEING A FIRST INTEGRAL OF THE EVOLUTION EQUATION
In this appendix, we shall first prove that the Hamiltonian constraint (57) is a first integral of the evolution equation (58) for the parent models. We shall next provide a partial proof that the Hamiltonian constraint (141) is a first integral of the evolution equation (144) for the children models.
To facilitate comparison with the constraint equation, we shall first simplify the parent model's evolution equation. Note that the number of edges N 1 in a Cauchy surface is related to the number of triangles N 2 by the relation N 1 = 3N 2 /n, where n is the number of triangles meeting at an edge; this relation follows because a triangle has three edges, but an edge joins n triangles together. By using this relation to substitute for N 2 and by substituting (57) into the l 2 factor in the last term of (58), we can simplify (58) to get 
